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1 Solving the Euler equation

Theorem.(Euler) Suppose f(z,y,y’) has continuous partial derivatives of the

second order on the interval [a, b]. If a functional F(y) = [ab f(z,y,y")dx attains

a weak relative extrema at yp, then yq is a solution of the following equation
of d ( af )
Oy dx\ 9y

It is called the Fuler equation.



1.1 Problem.

Using the Euler equation find the extremals for the following functional

b
[ 12ev@) + (G v@)? ds

elementary

Solution.
We denote auxiliary function f

0
f(z, y(2), 5o ¥(@)) =122y(2) + (5~ y(x))?
in the form
f(x, y, 2) = 122y + 22

Substituting we z, y(x) and y'(z) for z, y and z we obtain the integrand in the
given functional. We compute partial derivatives

0 0
5o f@ ¥(@). 5o (@) = 120
and
0 0 0
=t y(@), 5o ¥(@) =2(5-1)
and

e, y(a), oo y() =2 (2 v(a)

and finally obtain the Euler equation for our functional

82
We solve it using various tools and obtain the solution

y(z) =2*+ _Clz+ _C2
cubic_polynomial

no_comment



1.2 Problem.

Using the Euler equation find the extremals for the following functional
b
0
/a 3z + \/%y(ac)dx

elementary

Solution.
We denote auxiliary function f

(@) =32+ 1/ L y(2)

f(z, y(2) -

) % y
in the form

f(z, y, z) =3z + V=

Substituting we z, y(x) and y'(z) for z, y and z we obtain the integrand in the
given functional. We compute partial derivatives

2t y(a), - yl@) =0

dy
and
0 0 1 1
92 f(z, y(z), Iz y(z)) = ) 5
oz Y
and
0? 0 1 88722 y(x)

Y ¢ il — I 0z20\)
O 0z (@, y(=), Ox y(@)) 4 (L y(x))@/2
and finally obtain the Euler equation for our functional

2
LG
4 (& y(x)®/2)
We solve it using various tools and obtain the solution

y(z)=_-Clax+ _C2
linear_function

no_comment



1.3 Problem.

Using the Euler equation find the extremals for the following functional

b d
/ r+y(x)*+3 (% y(z)) dx

elementary

Solution.
We denote auxiliary function f

f(r, ¥(a), 5o ¥(2)) = -+ y(2)° +3 (5 ¥(a)

oz
in the form

f(z,y,2) =z +y°+32
Substituting we z, y(x) and y'(z) for z, y and z we obtain the integrand in the
given functional. We compute partial derivatives

S fle y(e), 5 y(@) =2y

and

2 fa, via), 2y =3

and

0? 0
9102 f(x, y(x), 9z y(x)) =0

and finally obtain the Euler equation for our functional

2y(z) =0
We solve it using various tools and obtain the solution
y(@) =0

constant_solution

no_comment



1.4 Problem.

Using the Euler equation find the extremals for the following functional
b
IRERE

elementary

Solution.
We denote auxiliary function f

f(r, ¥(2), 5o v()) = y(2)’

in the form
f(z, y, 2) =y°

Substituting we z, y(x) and y'(z) for z, y and z we obtain the integrand in the
given functional. We compute partial derivatives

S fle y(e), 5 y(@) =2y

and

2 fa, via), 2y =0

and

0? 0
9102 f(x, y(x), 9z y(x)) =0

and finally obtain the Euler equation for our functional
2y(z) =0

We solve it using various tools and obtain the solution
y(z) =0

ZEero

no_comment



1.5 Problem.

Using the Euler equation find the extremals for the following functional

b
[ ver+ e (v o

elementary
Solution.
We denote auxiliary function f
(o, (&), 2 () = ¥(2)? + 22 (0 y(x))
y Y\T), o y =Yy o y

in the form

f(z,y, 2) =y +a?z
Substituting we z, y(x) and y'(z) for z, y and z we obtain the integrand in the
given functional. We compute partial derivatives

S fle y(e), 5 y(@) =2y

and

2 f(a, yia), o y(a)) = a?

and

872 f(x, y(x) 9 () =2z
99z N Y B
and finally obtain the Euler equation for our functional

2y(z) =22 =0
We solve it using various tools and obtain the solution
y(@) ==
linear

no_comment



1.6 Problem.

Using the Euler equation find the extremals for the following functional

b
[ v+ ey ds

elementary
Solution.
We denote auxiliary function f
f(a. (@), 2 () = ¥(x) + 2 (o y(x)
@, y(x), -y(@)) =y(@) + o (5-y(@

in the form

flz,y,2)=y+az
Substituting we z, y(x) and y'(z) for z, y and z we obtain the integrand in the
given functional. We compute partial derivatives

O, y(a), —-y(a)) =1

dy
and

0 0
and

0? 0
mf(xa y(), £Y($)) =1

and finally obtain the Euler equation for our functional

0=0
We solve it using various tools and obtain the solution
y(z) =Y (z)

all_functions

no_comment



1.7 Problem.

Using the Euler equation find the extremals for the following functional
b
0
/a o y(z) dw

elementary

Solution.
We denote auxiliary function f

f(@, ¥(z), 5o 9(2) = 5= ¥(2)

in the form

f(z,y, 2) =2
Substituting we z, y(x) and y'(z) for z, y and z we obtain the integrand in the
given functional. We compute partial derivatives

O . yia), - y(a) = 0

dy
and

0 0

5, (@ ¥(@), 5-y(2)) =1
and

0? 0
9102 f(x, y(x), 9z y(x)) =0

and finally obtain the Euler equation for our functional

0=0
We solve it using various tools and obtain the solution
y(z) =Y (z)

all_functions

no_comment



1.8 Problem.

Using the Euler equation find the extremals for the following functional

b
[ ¥er = (v as

missing _x
Solution.
We denote auxiliary function f
0 0
f i — 2 _ 2 2
(2, ¥(@), 5o ¥(2) = y(2)? = (5= ¥(2))

in the form

f(z, y, 2) = o - 2°

Substituting we z, y(x) and y'(z) for z, y and z we obtain the integrand in the
given functional. We compute partial derivatives

S fle y(e), 5 y(@) =2y

and
0 0 0
=, y(2), oo y(2)) = ~2(5-1)
and
0? 0 9?

and finally obtain the Euler equation for our functional

82
2¥(2) +2 (5 y(#)) =0
We solve it using various tools and obtain the solution

y(z) = _C1 cos(x) + _C2 sin(z)
trig_functions

no_comment



1.9 Problem.

Using the Euler equation find the extremals for the following functional
’ 0
[ 1+ vz s

missing _x_y

Solution.
We denote auxiliary function f

f(.l?, y(ﬂf), a_
in the form

f(a, y, 2) = VI+ 22

Substituting we z, y(x) and y'(z) for x, y and z we obtain the integrand in the
given functional. We compute partial derivatives

and

and

0 9 (2 y(@)? (2 y(@)) 2 y(@)
f(x, y(z), — y(z)) = —
5002 Y 5 =T e T I (2o

and finally obtain the Euler equation for our functional

(@) (Gey@)  Favle)
I+ GEy@))® 14 (2 ()2

We solve it using various tools and obtain the solution

y(z)=_Clx+ _C2

linear_function

no_comment

10



1.10 Problem.

Using the Euler equation find the extremals for the following functional

b
[y + (g v@) s

missing_y
Solution.
We denote auxiliary function f
0 0 0 9
{2, ¥(2), 5o ¥(2) = 2 (= y(@)) + (5= ¥(2))

in the form

f(x, y, 2) =22+ 2°
Substituting we z, y(x) and y'(z) for z, y and z we obtain the integrand in the
given functional. We compute partial derivatives

5 e ¥(2), 5 3(@)) =0

and

and

St v, (@) =142 (@)
9r9z Y Y B 922
and finally obtain the Euler equation for our functional

32
—1-2 (W y(z)) =0
We solve it using various tools and obtain the solution

1
y(z) = ~1 2+ _Cla+ _C2

quadratic_function

no_comment

11



1.11 Problem.

Using the Euler equation find the extremals for the following functional

b
[+ @y

no_hint

Solution.
We denote auxiliary function f

f(a, y(a), 5o ¥(@)) = (1 +2) (5= v(2)
in the form
f(z, y, z) = (1 +x) 2>

Substituting we z, y(x) and y'(z) for z, y and z we obtain the integrand in the
given functional. We compute partial derivatives

5 e ¥(2), 5 3(@)) =0

and

S8, y(@), 5o ¥(@) =201 +0) (5-0)

and

o y(a), L y() =2 v(w) + 214 2) (g v(a)
Bz 0z oY) Gy Y = Gy YiE AY R
and finally obtain the Euler equation for our functional

(L y@) -2+ 2) (s = 0
oz azz Y B
We solve it using various tools and obtain the solution

y(x) =_C1 4+ _C2In(1+x)
not_supplied

no_comment

12



1.12 Problem.

Using the Euler equation find the extremals for the following functional

b 0
[ 2@ e 5@ + (g v(a) da

no_hint
Solution.
We denote auxiliary function f
f(, y(2), 2 y(@) = 2y(2) & + y(2)? + (- y())?
Y , axy =zy y 8xy

in the form

f(a, y, 2) =2y e +y* + 22
Substituting we z, y(x) and y'(z) for z, y and z we obtain the integrand in the
given functional. We compute partial derivatives

0 0 -
gyf(x, y(2), 5 ¥(x)) =2e" +2y
and
0 0 0
=t y(@), 5o ¥(@) =2(5-1)
and

e, y(a), oo y() =2 (2 v(a)

and finally obtain the Euler equation for our functional

82
26"+ 2y(s) — 2 (5 ¥(2) =0
We solve it using various tools and obtain the solution

y(z) = (% cosh(x)? + %cosh(x) sinh(x) + %x) sinh(x)

+ (f% cosh(z) sinh(z) + %x - % cosh(x)?) cosh(z) + _C1 sinh(z) + _C2 cosh(z)

not_supplied

no_comment

13



1.13 Problem.

Using the Euler equation find the extremals for the following functional

b
[ 23+ (2 y(@) da

no_hint
Solution.
We denote auxiliary function f
0 0
f — =2 — 2
(2, ¥(2), 2= () = 29(2) + (5= ¥(@))

in the form

f(z, y, 2) =2y + 22
Substituting we z, y(x) and y'(z) for z, y and z we obtain the integrand in the
given functional. We compute partial derivatives

5 ¥(a), 5 v(@) =2

and

2 fa, via), (@) =2 y)

and
0? 0 0?
Y ¢ “ —9(2_
SO i (@), 5oy (@) =2 (g ()
and finally obtain the Euler equation for our functional

82
2_2(@}’(@) =0
We solve it using various tools and obtain the solution

1
y(z) = 5332 + Clz+ _C2

not_supplied

no_comment

14



1.14 Problem.

Using the Euler equation find the extremals for the following functional

b
|2y s

no_hint

Solution.
We denote auxiliary function f

f(a, ¥(2), 5o ¥(2) =2 (5= v(2))

in the form
f(z,y, z) =22°

Substituting we z, y(x) and y'(z) for z, y and z we obtain the integrand in the
given functional. We compute partial derivatives

5 e ¥(2), 5 3(@)) =0

and

and

g 1 Y2 (@) = 12 (@) (55 v()

and finally obtain the Euler equation for our functional

0 0?
—12(— — =
(52 ¥(@) (55 ¥(2)) = 0
We solve it using various tools and obtain the solution

not_supplied

no_comment

15



1.15 Problem.

Using the Euler equation find the extremals for the following functional

b
[ 4w Gy + (G v(@)? ds

no_hint
Solution.
We denote auxiliary function f
0 0 0 5
{2, y(2), = y(@) = 42 (o y(2)) + (52 ¥(2)

in the form

f(x, y, 2) =4az+ 22
Substituting we z, y(x) and y'(z) for z, y and z we obtain the integrand in the
given functional. We compute partial derivatives

5 e ¥(2), 5 3(@)) =0

and

0 0

a. f(.%‘, y(x), %

> y(@) = 43 +2 (2

%y)

and

St v(w), (@) =442 (@)
9r9z Y Y B 922
and finally obtain the Euler equation for our functional

32
—4-2 (W y(z)) =0
We solve it using various tools and obtain the solution

y(z) = —2®+ _Cla+_C2
not_supplied

no_comment

16



1.16 Problem.

Using the Euler equation find the extremals for the following functional

b
[ 16y s

no_hint

Solution.
We denote auxiliary function f

0

fw, y(a), 2oy () = T (5= y(a))®

in the form
f(z,y, 2) =72°

Substituting we z, y(x) and y'(z) for z, y and z we obtain the integrand in the
given functional. We compute partial derivatives

5 e ¥(2), 5 3(@)) =0

and

and

g 1 Y02 (@) = 42 (@) (55 v()

and finally obtain the Euler equation for our functional

0 0?
—42 (— — =
(52 ¥(@) (55 ¥(2)) = 0
We solve it using various tools and obtain the solution

not_supplied

no_comment

17



1.17 Problem.

Using the Euler equation find the extremals for the following functional
’ 0
[ v 0+ (v

no_hint

Solution.
We denote auxiliary function f

. ¥(o). 2 v(o) = /(@) (1+ (L y(a)?)

in the form
f(z, y, 2) = Vy (1 +22)

Substituting we z, y(x) and 3'(z) for x, y and z we obtain the integrand in the
given functional. We compute partial derivatives

0 0 1 1+ (g y)?

7f('r7 Y(x)v 73’(1“)) =5 p

o or 2yt (w2
and

9 . y(a), A yta) = 82V

0 or y(1+ (& v)?)
and
oo, y(a), 5o ¥(#)) =

)
(Z y(x))? y(z) (Zz y(z))

+ +
Y@ U+ Zy@)?) @) 0+ (2 v@)?)

and finally obtain the Euler equation for our functional

L1 1y Gy (Fy@) (4 (@) +2y(@) (Fy(@) (2 y(z)))
2 \fy(x) 2 (v(2) 1+ (2 y(2))2) @/
(£ y(2))? y(@) (25 y())

18



We solve it using various tools and obtain the solution

_ 144 C1*2*+2. 01z C2+ C2° C1?

y(@) = N7

quadratic_function

no_comment

19



1.18 Problem.

Using the Euler equation find the extremals for the following functional

b
[ v (5 vt ds

no_hint

Solution.
We denote auxiliary function f

f(r, y(a), 5o ¥(&)) = 2¥() (5 (2))

in the form

f(z,y, 2) =2y=
Substituting we z, y(x) and y'(z) for z, y and z we obtain the integrand in the
given functional. We compute partial derivatives

St v(e), 5 y@) =2 (5 w)

and

and

oo (e, y(@), oo ¥()) = (@) + 2 (5 v(a)

and finally obtain the Euler equation for our functional
0
—y(@) — 2 (5 y(@)) = 0
We solve it using various tools and obtain the solution
y(z) =0

not_supplied

no_comment

20



1.19 Problem.

Using the Euler equation find the extremals for the following functional

b
[y £2(y(@) da

no_hint
Solution.
We denote auxiliary function f
f(o, ¥(0), = (@) = 2¥(@) + 2 (o y(@))?
» Y\), o y =Ty o Yy

in the form

f(z,y, 2) =xy+22°
Substituting we z, y(x) and y'(z) for z, y and z we obtain the integrand in the
given functional. We compute partial derivatives

S fle y(e), 5 y(@) =

and

and

0? 0 0?
920z f(z, y(z), 9z y(@)) =4 (@ y(z))
and finally obtain the Euler equation for our functional

32
$_4(@Y(x)) =0
We solve it using various tools and obtain the solution

_ 1 o3
y(x)—2—4x + Clz+_C2

not_supplied

no_comment

21



1.20 Problem.

Using the Euler equation find the extremals for the following functional

b 0
[ ov(@) +¥(e) - 250 (5 v(@) do

no_hint

Solution.
We denote auxiliary function f

fa, ¥(z), 5 () = 23(2) +y(2)? — 23(2) (o ¥(a)

in the form
f(z,y, 2) =zy+y> —2¢°2

Substituting we z, y(x) and y'(z) for z, y and z we obtain the integrand in the
given functional. We compute partial derivatives

0 0 0
@f(x, y(x), %y(x)) =x+2y—4y (% Y)
and
0 0 L
@f(x, y(), %y(x)) =2y
and

S (e, ¥(a), 5 y(@)) = —4y(@) (5 y(@)

and finally obtain the Euler equation for our functional

1 2y(x) + 4y(2) (2 y(x) = 0

oz
We solve it using various tools and obtain the solution
1
T)=—==x
y(z) = =3

no_extremal

no_comment

22



1.21 Problem.

Using the Euler equation find the extremals for the following functional
x)4/1+ (2 (2))?dx
oz~

no_hint

Solution.
We denote auxiliary function f

f(a, ¥(2), 5o v()) = (@) /14 (5 v(2)?

f(z,y, 2) =y V1+22
Substituting we z, y(x) and y'(z) for x, y and z we obtain the integrand in the
given functional. We compute partial derivatives

gﬂIY( =yt ax

in the form

and
Dt v(a), oy
0z W
and
02 0

mf(xv Y(x)v %Y(x)) =

(g5 ¥(2))” _Y(l’)(%y(w))Q(%y(I))Jr y(@) (2= (@)

R e T Y pw T R

and finally obtain the Euler equation for our functional
(Zy(@)? | y@) (Ey@)*(Z=y@) @) (=)
LH(Ey@)e O GY@N® [ (2 )

We solve it using various tools and obtain the solution

11+ (e(\/,Cl (er,CQ)))Q
2 (V01 (2+-02)) \/ 01

y(z) =

not_supplied

no_comment

23



1.22 Problem.

Using the Euler equation find the extremals for the following functional

b
[ v@) Gy do

no_hint
Solution.
We denote auxiliary function f
0 0
f — = —
(@, y(2), 5-¥(2)) = y(2) (5 ¥(z))
in the form
f(l‘, Y, Z) =Yz

Substituting we z, y(x) and y'(z) for z, y and z we obtain the integrand in the
given functional. We compute partial derivatives

0 0 0
a f(z, y(z), p y(z)) = oY

and

and

o (e, y(@), +-y() = 5 y(@)

and finally obtain the Euler equation for our functional

(@) =0

We solve it using various tools and obtain the solution

not_supplied

no_comment

24



1.23 Problem.

Using the Euler equation find the extremals for the following functional

b 9 )
[ v G y@yPas
no_hint
Solution.
We denote auxiliary function f
0 0 9
f(z, y(2), 5, v(@)) =y(@) (5-3(=)

in the form

f(a, y, 2) =y 2°
Substituting we z, y(x) and y'(z) for z, y and z we obtain the integrand in the
given functional. We compute partial derivatives

S v(e), 5 y@) = (507

and

and
SO (e (), o v()) = 2 (o (@) 4 2y(2) (g v(a)

and finally obtain the Euler equation for our functional

g 9 0?
2 (50 ¥(@)? — 25(2) (55 () =0
We solve it using various tools and obtain the solution
y(x) =0

not_supplied

no_comment

25



1.24 Problem.

Using the Euler equation find the extremals for the following functional

b 0
[ v@r + 205 (5 v de

no_hint
Solution.
We denote auxiliary function f
{(o, ¥(0), = y(@)) = ¥(@)* + 20y(2) (= ¥(2))
y Y\T), o y =Yy y o Yy

in the form

f(z,y, 2) =y* +2xy=2
Substituting we z, y(x) and y'(z) for z, y and z we obtain the integrand in the
given functional. We compute partial derivatives

0 0 0
gyf(% y(z), %Y(ff)) = 2y+2x(% Y)
and
0 0
5, [, y(2), 5o y(@)) =22y
and

Tt (@), (@) = 2v(@) + 22 (2 y(@)
99z I g Y -y 9z
and finally obtain the Euler equation for our functional

22 (5 y(w) =0

We solve it using various tools and obtain the solution

all_functions

no_comment

26



1.25 Problem.

Using the Euler equation find the extremals for the following functional

b
[ 3@+ 4@ (v + 4 (G v(e) d

no_hint

Solution.
We denote auxiliary function f

0

(o, y(@), o y(@) = y(a)? + 49(x) (oo y(2)) + 4 (o y(2))?

in the form
f(z,y,2) =y* +4yz+42°
Substituting we z, y(x) and y'(z) for z, y and z we obtain the integrand in the

given functional. We compute partial derivatives

2 e, y(a), - y(@) = 2y + 4 ()

dy
and
0 0 0
=, y(2), oo y(2) =4y +8 (5o )
and

o 10 ¥(0). 5L 3(@)) = 4 (5 ¥(e) + 8 (515 ¥(a)

and finally obtain the Euler equation for our functional

25(0) = 4 (2 y(@) ~ 8 (g y(@) = 0
Y oz a2 B
We solve it using various tools and obtain the solution

y(z) = _C1 cosh(% x)+ _C2 sinh(% x)

two_exponentials

no_comment

27



1.26 Problem.

Using the Euler equation find the extremals for the following functional

b
[ 5@+ 3@ (v + (5 v da

no_hint
Solution.
We denote auxiliary function f
O o — vt 4ot (Lt o (2 v
£z, (), 5= y(@)) = () +y(2) (5o ¥(@) + (5o ¥(2)

in the form

f(z, y, 2) =y’ +yz+ 2
Substituting we z, y(x) and y'(z) for z, y and z we obtain the integrand in the
given functional. We compute partial derivatives

5 1 3(@), 3 ¥(@) =20+ (51 0)
and
i 2
; e (z, y(z), 3 y(@)) =y + (afy)

0? 0 0 0?
Fre f(z, y(z), e y(@)) = (% y(x)) +2 (@ y(@))
and finally obtain the Euler equation for our functional

2
29(r) (50 ¥(2)) ~ 245 ¥() =0

We solve it using various tools and obtain the solution

y(z) = _C1 sinh(z) + _C2 cosh(z)
not_supplied

no_comment
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1.27 Problem.

Using the Euler equation find the extremals for the following functional

b 0
[ 2@ e 5@ + (g v(a) da

no_hint
Solution.
We denote auxiliary function f
f(, y(2), 2 y(@) = 2y(2) & + y(2)? + (- y())?
Y , axy =zy y 8xy

in the form

f(a, y, 2) =2y e +y* + 22
Substituting we z, y(x) and y'(z) for z, y and z we obtain the integrand in the
given functional. We compute partial derivatives

0 0 -
gyf(x, y(2), 5 ¥(x)) =2e" +2y
and
0 0 0
=t y(@), 5o ¥(@) =2(5-1)
and

e, y(a), oo y() =2 (2 v(a)

and finally obtain the Euler equation for our functional

82
26"+ 2y(s) — 2 (5 ¥(2) =0
We solve it using various tools and obtain the solution

y(z) = (% cosh(x)? + %cosh(x) sinh(x) + %x) sinh(x)

+ (f% cosh(z) sinh(z) + %x - % cosh(x)?) cosh(z) + _C1 sinh(z) + _C2 cosh(z)

not_supplied

no_comment
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1.28 Problem.

Using the Euler equation find the extremals for the following functional

b 0
[ v + G (@) - 25(@)singa) da

no_hint
Solution.
We denote auxiliary function f
f(z, ¥(2), 2 ¥(@)) = ¥(@)* + (1 ¥(2))? — 25(x)sin(x)
x,yx,amyx =y(x &ny y(x) sin(x

in the form

f(z, y, z) = y* + 2° — 2ysin(z)
Substituting we z, y(x) and y'(z) for z, y and z we obtain the integrand in the
given functional. We compute partial derivatives

5 f (@), 3 ¥(e) =2y = 2sina)
and
d 2 fa, via), (@) =2 y)

e, y(a), oo y() =2 (2 v(a)

and finally obtain the Euler equation for our functional

82
2y(z) - 2sin(e) — 2 (55 y(x)) = 0
We solve it using various tools and obtain the solution

y(z) = (i e” cos(z) — i sin(z) e + i e(= cos(z) + i e~ sin(z)) sinh(z)

1 1 1 1
+ (=7 €7 cos(z) + sin(x) € + e= cos(z) + i e~ sin(z)) cosh(x)
+ _C1 sinh(z) + _C2 cosh(x)

exponentials_and_sin

no_comment
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1.29 Problem.

Using the Euler equation find the extremals for the following functional

b
[ 3@ 45 (vl + 4 (G v(e)? d

no_hint

Solution.
We denote auxiliary function f

0

(o, y(@), o y(@) = y(a)? — 49(x) (oo y(2)) + 4 (e y(2))?

in the form

f(z,y,2) =y* —dyz+42°
Substituting we z, y(x) and y'(z) for z, y and z we obtain the integrand in the
given functional. We compute partial derivatives

5y f (@), 3 ¥(o) =2~ 4(55 )

and

S 1w, y(@), 5o ¥(E) =~y +8(5-1)

and

0? 0 0 0?
Frw f(z, y(z), e y(@)) =—4 (% y(x)) +8 (@ y(@))
and finally obtain the Euler equation for our functional

25(0) + (2 y(@) ~ 8 (g y(@) = 0
Y oz a2 B
We solve it using various tools and obtain the solution

y(z) = _C1 cosh(% x)+ _C2 sinh(% x)

not_supplied

no_comment
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1.30 Problem.

Using the Euler equation find the extremals for the following functional

b
[ 5(@)+ 30 (G v@) + (oL y(@) + 5 (5 y(@) d

no_hint
Solution.
We denote auxiliary function f
0 B 0 0 1,0 9
f(o, y(2), 5= y(@)) = ¥(@) + ¥(@) (5 () + (5o ¥(@) + 5 (5= y(@)

in the form

1
f(z, y, Z)=y+yZ+Z+§z2

Substituting we z, y(x) and y'(x) for z, y and z we obtain the integrand in the
given functional. We compute partial derivatives

and

% f(z, y(2), a%}/(m)) =y+1+ (a% y)

and
2 2
ST 1w, ¥(a), - 3(@)) = (g ¥(0) + (g ¥(0)

and finally obtain the Euler equation for our functional

2
1 (o y(@) ~ (5 y(a)) = 0

We solve it using various tools and obtain the solution

1
y(z) = 53:2 + Clx+ _C2

quadratic_function

no_comment
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1.31 Problem.

Using the Euler equation find the extremals for the following functional

b
[ ¥@) =y (G v@) + 2 (o y(@) o

no_hint
Solution.
We denote auxiliary function f
0 B 0 0 9
f(z, y(2), 5-¥(2)) = y(@) = y(@) (5 y()) + 2 (5-y(2))

in the form

f(z,y,2) =y —yz+az
Substituting we z, y(x) and y'(z) for z, y and z we obtain the integrand in the
given functional. We compute partial derivatives

and

3, [, y(@), P y(z)) =~y +2%x (a% Y)

and

0? 0 0 0?
ot ¥(@), 5 y(@)) = (5o ¥(@) + 20 (5 ¥(2)
and finally obtain the Euler equation for our functional

1= (L) — 20 (g yi@) = 0
ar” 9z2 N
We solve it using various tools and obtain the solution

1
y(z) = P +_C1 +_C21In(x)

not_supplied

no_comment
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1.32 Problem.

Using the Euler equation find the extremals for the following functional

b
[ Gov@) @ +a? (5 y(a) ds

no_hint
Solution.
We denote auxiliary function f
0 0 5, 0
f(o, y(@), 5= y(@)) = (o= (@) (1 4+ (5 ¥(@))

in the form

f(a,y, 2) = 2 (1 +2°2)
Substituting we z, y(x) and y'(z) for z, y and z we obtain the integrand in the
given functional. We compute partial derivatives

0 0
57 @ ¥(a), 5 y(@) =0
and

0 0

a. f(l‘, Y($)7 871'

a y(@) = 1+22% (2

%Q)

and

o v(a), Lyl = a0 (2 y(@) + 202 ()
T A T B 9z 922
and finally obtain the Euler equation for our functional

4 (L y(a)) ~ 20% (g ¥(a)) = 0
oz az2 N
We solve it using various tools and obtain the solution

_C2
y(x) =_C1+ 7

hyperbolic_function

no_comment
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1.33 Problem.

Using the Euler equation find the extremals for the following functional

no_hint

Solution.
We denote auxiliary function f

2 (1))
fe, (@), o yia)) = DS
in the form

2
z
f(.’]j‘, Y, Z) = E
Substituting we z, y(x) and y'(z) for z, y and z we obtain the integrand in the
given functional. We compute partial derivatives

5 e ¥(2), 5 3(@)) =0

and

7] 0

(o, ¥(@), 5 y(@) =222

3

Sl

and

oo, y(z), 5 ¥(z)

and finally obtain the Euler equation for our functional

2
L2 2w
3 x4

o d
522 V(@) 3z V(@) _
-2 3 +6 A 0

We solve it using various tools and obtain the solution

y(z) = _C1 + _C22*

not_supplied

no_comment
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1.34 Problem.

Using the Euler equation find the extremals for the following functional

b
[ Gy @) +25() (5 (@) ~ 16y(2) do

no_hint

Solution.
We denote auxiliary function f

0 0 9 0 9
(o, yla), oo y(@) = (oo ¥(@)? +2() (o y(2) ~ 163(x)
in the form
f(x, y, 2) = 22 + 2y z — 169>
Substituting we z, y(x) and y'(z) for z, y and z we obtain the integrand in the

given functional. We compute partial derivatives

) ta, v(e), 5o (@) =2(5-y) ~ 32y

dy
and
0 0 0
e f(z, y(x), p y(z)) =2 (% y) +2y
and

S e (@), o) = 2 (g (@) +2 (5 ¥(2)

and finally obtain the Euler equation for our functional

—52() ~2 (s v(w)) ~2( L y@) = 0
Y a2 oz n
We solve it using various tools and obtain the solution

y(x) = _CI cos(4dx) + _C2sin(4x)
trig_functions

no_comment
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1.35 Problem.

Using the Euler equation find the extremals for the following functional

b0
[ G v(@)? + costy(a)) da

no_hint

Solution.
We denote auxiliary function f

f(a, ¥(2), 5o ¥()) = (= (@) + cos(y(@))

in the form
f(x, y, 2) = 2 + cos(y)

Substituting we z, y(x) and y'(z) for z, y and z we obtain the integrand in the
given functional. We compute partial derivatives

5y {2 (@), 3 ¥(e) = —sinfy)
and
d D e v, Ly =22y

e, y(a), oo y() =2 (2 v(a)

and finally obtain the Euler equation for our functional

. 0?

—sin(y(z)) = 2 (5 ¥(z)) = 0

We solve it using various tools and obtain the solution
y(x) =0

not_supplied

no_comment
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